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Abstract. We call a point process Z on M exp-l-stable if for every a, /3 £ R with 
e" + = 1, Z is equal in law to T^Z + TpZ' , where Z' is an independent copy 
of Z and is the translation by x. Such processes appear in the study of the 
extremal particles of branching Brownian motion and branching random walk and 
several authors have proven in that setting the existence of a point process D on 
M such that Z is equal in law to X^i^i^Ci^ii where {^i)i>i are the atoms of a 
Poisson process of intensity e^^ dx on M and (-Di)i>i are independent copies of D 
and independent of (fi)i>i. In this note, we show how this decomposition follows 
from the classic LePage decomposition of a (union)-stable point process. Moreover, 
we give a short proof of it in the general case of random measures on R. 

Keywords, stable distribution ; point process ; random measure ; branching 
Brownian motion ; branching random walk. 
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1 Introduction 

Let D be a point process on M, (Z)j)j>i be independent copies of D and (Ci)j>i be the atoms 
of a Poisson process of intensity dx on R and independent of {Di)i>i. Suppose that the 
point process Z, defined as follows, exists. 

tXJ 



Yt^.D, (1.1) 



i=l 



It is then easy to see that for every a, /3 G M with e" + = 1, Z is equal in law to r^Z + r^Z', 
where Z' is an independent copy of Z and is the translation by x. We call this property 
exp-1- stability or exponential 1-stability for a reason which will become clear later. 

Processes of the form (|1.1|) arose during the study of the extremal particles in branching 
Brownian motion. Brunet and Derrida [3 p. 18] asked the following question: Is it true 
that every exp-l-stable point process Z admits the decomposition (jl.ip ? This question was 
answered in the affirmative by the author [19j, and independently in the special case appear- 
ing in branching Brownian motion by Arguin, Bovier, Kistler [21 13] and Aidekon, Berestycki, 
Brunet, Shi [1]. The decomposition (jl.ip was also shown for the branching random walk 
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by Madaule [18], relying on the author's result. See also [13] for a related result concerning 
branching random walks. Note that the Poisson process with intensity dx is well-known 
in extreme value theory and describes the maxima of random variables which are independent 
and identically distributed according to a law in the domain of attraction of the Gumbel dis- 
tribution (see Corollary 4.19]). It therefore arises naturally here and in similar situations, 
for example in the theory of max-stable processes [14j . 

Immediately after the article [19j was published on the arXiv, the author was informed by 
Ilya Molchanov that the representation (jl.ip could be obtained from a classic result known 
as the LePage decomposition of a stable point process, which holds true in much more general 
settings. 

The purpose of this note is two-fold: First, we want to outline how the theory of stability 
in convex cones as developped by Davydov, Molchanov and Zuyev [12] yields the above- 
mentioned LePage decomposition of stable point processes and with it the decomposition 
(jl.ip . This is the content of Section [2l Second, we give a succinct proof of the decomposition 
(jl.ip for easy reference, a proof which uses more elementary methods than those of [12]. 
Furthermore, we give the extension of (jl.ip to random measures, which cannot be directly 
obtained through the results of |12] (see Section[2]) . The statements of the results (Theorem l3.1l 
and Corollary 13. 2p and their proofs are the content of Section [3l 

Branching Brownian motion 

In the remainder of this introduction, we outline the way exp-l-stable processes appear in 
branching Brownian motion (BBM). Define BBM as follows: Starting with one initial particle 
at the point x of the real line, this particle performs Brownian motion until an exponentially 
distributed time of parameter 1/2, at which it splits into two particles. Starting from the 
position of the split, both particles then repeat this process independently. 

We are interested in the point process formed by the right-most particles (draw the real line 
horizontally). It turns out that an important quantity is the so-called derivative martingale 
Wt = ~ Xi{t)) eyip{Xi{t) — t), where we sum over all particles at time t and denote 

the position of the z-th particle by Xi{t). This martingale has an almost sure limit W = 
limt Wt > and it has been known since Bramson's [6] and Lalley and Sellke's |17j work 
that the position of the right-most particle, centred around t — (3/2) log t + log W, converges 
in law to a Gumbel distribution. By looking at a suitable Laplace transform [18J, one can 
strengthen this result to the whole point process Zt formed by the particles at time t. One 
obtains the existence of a point process Z on M, such that, starting from any configuration of 
finitely many particles, T_t_^_(^^/2) \ogt-\og w^t converges in law to Z as t ^ oo. 

Once the convergence of the point process is established, one now readily sees that the 
limiting process is exp-l-stable [S1[IB]: Take two BBMs and denote their derivative martingale 
limits by W and W' , respectively. The union of both processes is then again a BBM with 
derivative martingale limit W" = W + W . Applying the before- mentioned convergence result 
to both BBMs as well as to their union, we get that for almost every realisation of W and W', 
T\og(w+W')^ is equal in law to Ti^gw^ + TiagW'^', where Z and Z' are iid and independent 
of W and W' . Since W and W can take any positive value (for example by varying the initial 
configurations), this yields the exp-l-stability of Z. 

We emphasise that with this approach, one does not need to characterise the point process 
Z directly, as it has been done before O [31 [I]. This is helpful for models where such a direct 
characterisation would be complicated, for example for branching random walks [18] . 
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2 Stability in convex cones 



Let Z be an exp-l-stable point process on R. Define Y to be the image (in the sense of 
measures) of Z by the map x i— )■ e^' (this was suggested by Ilya Molchanov). Y is then a 
stable point process on (0, oo), i.e. Y is equal in law to aY + bY' , where Y' is an independent 
copy of y, a, 6 > with a + b = 1 and oY is the image of Y by the map x ax. Note that if Y 
is a simple point process (i.e. every atom has unit mass), then the set of its points is a random 
closed subset of (0, oo) and the stability property is then also known as the union- stability 
for random closed sets (see e.g. [20l Ch. 4.1]). 

Davydov, Molchanov and Zuyev [12] have introduced a very general framework for study- 
ing stable distributions in convex cones, where a convex cone K is a topological space equipped 
with two continuous operations: addition (i.e. a commutative and associative binary opera- 
tion + with neutral element e) and multiplication by positive real numbers, the operations 
satisfying some associativity and distributivity condition^. Furthermore, ]K\{e} must be a 
complete separable metric space. For example, the space of compact subsets of MJ^ containing 
the origin is a convex cone, where the addition is the union of sets, the multiplication by a > 
is the image of the set by the map x i— t- ax and the topology is induced by the Hausdorff 
distance (see Example 8.11 in [12j). Furthermore, it is a pointed cone, in the sense that there 
exists a unique origin 0, such that for each compact set K C M"^, aK ^ as a — >■ (the origin 
is of course = {0}). The existence of the origin permits to define a norm by \\K\\ = d{0, K), 
where d is the Hausdorff distance. An example of a convex cone without origin (Example 8.23 
in [12]) is the space of (positive) Radon measures on ]R'^\{0} equipped with the topology of 
vague convergence, the usual addition of measures and multiplication by a > being defined 
as the image of the measure by the map x i— )• ax, as above. 

A random variable Y with values in K is called a-stable, a > 0, if a^/"y + b^^^'Y' is equal 
in law to {a+b)^^°'Y for every a,b > 0, where Y' is an independent copy of Y. With the theory 
of Laplace transforms and infinitely divisible distributions on semigroups (the main reference 
to this subject is [3]), the authors of [12j show that to every a-stable random variable Y there 
uniquely corresponds a Levy measure A on a certain second dual of IC which is homogeneous 
of order a, i.e. A{aB) = a°'A{B) for any Borel set B. Since A is a priori only defined on this 
second dual of K, a considerable part of the work in [12| is to give conditions under which 
A is supported by IK itself. Moreover, and this is their most important result, under some 
additional conditions, Y can be represented by its LePage series, i.e. the sum over the atoms 
of a Poisson process on K with intensity measure A. 

Assuming that all the above conditions are verified, one can now disintegrate the homoge- 
neous Levy measure A into a radial and an angular component, such that A = cr~°'~^dr x a 
for c > and some measure a on the unit sphere S = {x G K : ||x|| = 1}. This is also called 
the spectral decomposition and a is called the spectral measure. If a has unit mass, then the 
LePage series can be written as 



where ^i, '^2i • • • are the atoms of a Poisson process of intensity cr~"~ dr and Xi,X2, . . . are 
iid with law a, independent of the ^j. 

This allows us to prove the decomposition (jl.ip for a simple exp-l-stable point process Z: 

^One requires in particular that a{x + y) = ax + ay for every a > 0, x,y € K, but not that {a + b)x = ax + bx 
for every a, 6 > 0, t G K. 




(2.1) 
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If Y is the point process obtained from Z through the exponential transformation from the 
beginning of this section then supp Y U {0} is a random compact subset of M containing the 
origin, assuming the process Z almost surely has only finitely many points in R_|_ (we will 
prove this simple fact in Lemma 13.61 below) . Hence, it is a random element of the cone from 
the first example given above. This cone satisfies the conditions required in [12j . such that the 
results there can be applied to yield the LePage decomposition (|2.ip of Y. This immediately 
implies the decomposition (jl.ip for Z. 

If Z is a general random measure on M, the same exponential transformation can be 
applied, such that Y becomes a 1-stable random measure on (0, oo), i.e. an element of the 
cone from the second example above. Unfortunately, this cone does not satisfy the conditions 
in [E], such that their results cannot be used directl}!!, although their very general methods 
could probably be applied in this setting as well. 



3 A succinct proof of the decomposition (11.11) 



As mentioned in the introduction, we will give here a short proof of the decomposition (jl.ip 
and its extension to random measures, effectively yielding a LePage decomposition for stable 
random measures on (0, oo). Instead of applying the general methods of harmonic analysis on 
semigroups used in [12] , we will rely on the much more elementary treatment of Kallenberg 
|15] on random measures. We hope that our proof will be more accessible to probabilists 
who are not familiar with the methods used in [12j. Note that it can be easily generalised to 
give a LePage decomposition for stable random measures on M'^\{0} or more general spaces. 
However, for simplicity and because of its interest in applications, we will stick to the one- 
dimensional setting. For the same reasons, we will also keep the notion of exp-stability instead 
of the usual stability. 



3.1 Definitions and notation 

We denote by A4 the space of (positive) Radon measures on M. Note that fi & A4 if and only 
if fj, assigns finite mass to every bounded Borel set in M. We further denote by M the subspace 
of counting (i.e. integer- valued) measures. It is known (see e.g. [9], p. 403ff) that there exists 
a metric d on Ai which induces the vague topology and under which (Ai , d) is complete and 
separable. We further set A4* = M\{0} (where denotes the null measure), which is an 
open subset and hence a complete separable metric space when endowed with the metric 
d*{^,v) = d{ii,v)-\-\d{^,{))~^ -d(i^, 0)~^|, equivalent to don M* ([S], IX. 6.1, Proposition 2). 
The spaces TV and M* = A/'\{0} are closed subsets of M. and A4* , and therefore complete 
separable metric spaces as well ([S], IX.6.1, Proposition 1). 

For every x G R, we define the translation operator Tx : M ^ M.,hy (Txn){A) = iJ,{A — x) 
for every Borel set A C M. Furthermore, we define the measurable map M : A4 — >■ MU{+oo} 

by 

M{ii) = mi{x G M : fi{{x, oo)) < 1 A (^(M)/2)}, 

^In particular, the theorems in [12] require that the cone be pointed and that the stable random elements 
have no Gaussian component, both conditions being violated by the cone of random measures (see the remark 
after Fact 13.31 for the second condition). Note however that although the cone does not have an origin, it is 
still possible to define a "norm" on the subspace of random measures which assign finite mass to [l,oo), see 
the definition of the map M in Section 13.11 
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where we use the notation xf\y = min(x, y) and define inf = oo (in particular, M(0) = +00). 
Note that for (j, € M* , we have M(/x) < 00 if and only if ^(K+) < 00. If furthermore /i G M* , 
then M(^) is the position of the rightmost atom of ^, i.e. M(/i) = esssup /i. It is easy to show 
that the maps (x, (j) ^ T^^i and M are continuous, hence measurable. 

A random measure Z on M is a random variable taking values va. Ad. If Z takes values in 
J\f, we also call Z a point process. Let ^ denote the set of non-negative measurable functions 
/ : M ^ M-i_ = [0, 00). For every / € we define the cumulant 

K{f) = Kzif) = - logE[exp{-{ZJ))] G [0,oo], 

where (//,/) = Jj^ /(x)/i(dx). The cumulant uniquely characterises Z (^, p. 161). 

We say that Z is exp-l-stable or simply exp-stable if for every a, /3 G M with e° + = 1, 
Z is equal in law to T^Z + TpZ\ where Z' is an independent copy of Z. 

The following theorem and its corollary are precise statements of the decomposition (jl.ip 
and form the main results of this paper. 

Theorem 3.1. A function K : ^ ^ is the cumulant of an exp-stable random measure 
on M if and only if for every f G 

K{f) = c / e-^/(x) dx + / e-^- / [1 - exp(-(^, /))]r,A(d/i) dx, (3.1) 

for some constant c > and some measure A on M* , such that for every bounded Borel set 
yl C M, 

/• poo 

e"" (lAy)A(//(A + x) Gdy)dx<oo. (3.2) 
Jr Jo 

Moreover, A can be chosen such that A(M(/i) ^ 0) = 0, and as such, it is unique. 

Corollary 3.2. A point process Z onM is exp-stable if and only if it has the representation 
(|1.1|) for some point process D onM satisfying 

/•oo 

/ F{D{A + x)>0)e''dx<oo. (3.3) 
Jo 

Moreover, if the above holds, then there exists a unique pair (m, D) with m G M U {+00} and 
D a point process on M such that W{M{D) = m) = 1 and (jl.ip and (j3.3p are satisfied. 

3.2 Infinitely divisible random measures 

Our proof of Theorem 13.11 is based on the theory of infinitely divisible random measures 
as exposed in Kallenberg [15]. A random measure Z is said to be infinitely divisible if for 
every n G N there exist iid random measures Z'^^\ . . . , Z^") such that Z is equal in law to 
_l_ . . . _l_ ^("). It is said to be infinitely divisible as a point process if Z^^^ can be chosen 
to be a point process. Note that a (deterministic) counting measure is infinitely divisible as 
a random measure but not point process. 

The main result about infinitely divisible random measures is the following (see |15j . 
Theorem 6.1 or [lOj, Proposition 10. 2. IX, however, note the error in the theorem statement 
of the latter reference: Fi may be infinite as it is defined). 
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Fact 3.3. A random measure Z with cumulant K{f) is infinitely divisible if and only if 

K{f) = (A, /) + / [1 - exp(-(/., /))]A(d^), 

JM* 

where \ & M. and A is a measure on M* satisfying 

roc 

/ (1 A x)A{fj,{A) G dx) < oo, (3.4) 
Jo 

for every bounded Borel set A C M. 

The probabilistic interpretation (|15j. Lemma 6.5) of this fact is that Z is the superposition 
of the non-random measure A and of the atoms of a Poisson process on M* with intensity 
A. In the general framework of infinitely divisible distributions on semigroups used in |12) 
the measures A and A are called the Gaussian component and the Levy measure, respectively. 
Fact 13.41 has the following analogue in the case of point processes (|10]. Proposition 10. 2. V), 
where the measure A is also called the KLM measure. Note that the Gaussian component 
disappears. 

Fact 3.4. A point process Z is infinitely divisible as a point process if and only if X = 
and A is concentrated on J\f* , where A and A are the measures from Fact \3.3X Then, <\2>A\ is 
equivalent to A[^{A) > 0) < oo for every bounded Borel set A C M. 

In particular, the Levy/KLM measure of a Poisson process on M with intensity measure 
v{dx) is the image of u by the map x ^ 5x- 

3.3 Proof of Theorem ISJl 

We can now prove Theorem 13.11 and Corollary 13.21 For the "if" part, we note that ()3.2p 
implies p.4p for the measure A = J e~^Ta;Adx, such that the process with cumulant given 
by p.ip exists. The exp-stability is readily verified. Further note that for point processes the 
condition (j3.3p is equivalent to (j3.2p . 

It remains to prove the "only if" parts. Let Z be an exp-stable random measure. Then, 
for a, /3 G M, such that e" + = 1, we have 

K{f) = -logE[exp(-(Z,/))] = -logE[exp(-(T„Z,/))] -logE[exp(-(T^Z,/))] 

= K{f{- + a)) + K{f{. + P)). 

Setting (p{x) = K{f{- + logx)) for x € M+ (with 93(0) = 0) and replacing / by /(• + logx) in 
the above equation, we get ip{x) = ip{xe°') + ip{xe^) for all x G M+, or ip{x) + ip{y) = (p{x + y) 
for all x,y € M_|_. This is the famous Cauchy functional equation and since ip is by definition 
non-negative on M+, it is known and easy to show [llj that ip{x) = '^{l)x for all x G M+. As 
a consequence, we obtain the following corollary: 

Corollary 3.5. K{f{- + x)) = e''K{f ) for all x eR. 

Furthermore, it is easy to show that exp-stability implies infinite divisibility. We then 
have the following lemma. 

Lemma 3.6. Let A, A be the measures corresponding to Z by Fact \3.A 
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1. There exists a constant c > 0, such that A = ce~^ dx. 

2. For every x E M, we have T^A = e^A. 

3. For A-almost every n, we have < oo. 

Proof. The measures T^X, TxA are the measures corresponding to the infinitely divisible 
random measure TxZ by Fact 13.31 But by Corollarv l3.51 the measures e^A and e^A correspond 
to TxZ, as well. Since these measures are unique, we have T^A = e^A and TxA = e^'A. The 
second statement follows immediately. For the first statement, note that ci = A([0, 1)) < oo, 
since [0, 1) is a bounded set. It follows that 



A([0, oo)) = ^ A([n, n + 1)) = cie"" = ^ =: c, 



cie 

zie = - 

n>0 n>0 



hence A([rE,oo)) = ce ^ for every x € M. The first statement of the lemma follows. For the 
third statement, let In = [n,n + 1) and / = [0, 1). By (|3.4p . we have 

f A{fi{I) > x)dx = f xA{ij.{I) G dx) < oo. 
Jo Jo 

By monotonicity, the first integral is greater than or equal to xA(/i(/) > x) for every x G [0, 1], 
hence A{fj,{I) > x) < C/x for some constant < C < oo. By the second statement, it follows 
that 

A(/x(I„) > e-"/2) = e-"A(/x(I) > e-"/^) < C'e-"/^, 
for every n G N. Hence, X]„gp!j A (/i(/n) > e^"/^) < oo. By the Borel-Cantelli lemma, 

Aflimsup|/i(/„) >e-"/2|^ = g, 

which implies the third statement. □ 

Lemma 3.7. The measure A admits the decomposition A = J e~^TxAdx, where A is a 
unique measure on A4* with A{M{fi) ^ 0) = 0. 

Proof. We follow the proof of Proposition 4.2 in [22]. Set Mq := {fj. G M* : M{fi) = 0} 
and TWj^ := {fi G A4* : M{n) < oo}, which are measurable subspaces of the complete 
separable metric space A4* and therefore Borel spaces [16\ Theorem Al.6]. By the continuity 
of (x,//) I-)- Tx/J,, the map </> : A^J — )• A^g x M defined by 4>{fJ,) = M(//)) is a Borel 

isomorphism, i.e. it is bijective and (j) and (p~^ are measurable. The translation operator Tx 
acts on A4q x M by Tx{ij,, m) = (/i, m + x). 

Now note that A is supported on AIJ by the third part of Lemma 13. 6[ Denote by 
A"^ the image of A by the map (j) and set A„ = G M-q : ^([— 2n, 2n]) > 1/n}. Then 
A'l'{An X [— n, n]) < oo for every n G N by (|3.4|) . By the theorem on the existence of conditional 
probability distributions (see e.g. [16], Theorems 5.3 and 5.4) there exists then a measure 
Aq on Ml with Aq{A n) < oo for every n G N and a measurable kernel K(^fj,,dm), with 
K{n, [—n,n]) < oo for every n G N, such that 



A^{dn,dm)= f Ao{dn)K{n,dm). 
Jmx 
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Moreover, we can assume in the above construction that K{p,, [0, 1]) = 1 for every fx € A4q and 
n € N, and with this normahzation, Aq is unique. By Lemma [3. 6 1 we now have T^K^ij,, dm) = 
e^K{fj,, dm) for every x G M and /i € -^o- proof of the first statement of Lemma [3.61 

we then conclude that K(fi, dm) = c(/i)e~™' dm for some constant c(//) > 0, and by the above 
normahzation, c{p,) = c := e/(e — 1). Setting A(dm) = cAo(dm) then gives 



A'^(d/u,dm) = /" A(d//)e-™dm. 



Mapping A''^ back to by the map (j) ^ finishes the proof. □ 

The "only if" part of Theorem 13.11 now follows from the previous lemmas and Fact 13.31 As 
for the proof of Corollarv 13.21 if Z is a point process, then Fact 13.41 imp lies that A = and that 
A is concentrated on A/"*, hence A as well. Equation ()3.2p then implies that A{fi{A) > 0) < oo 
for any bounded Borel set ^ C M. In particular, this holds for A = {0}. But by Lemma 13.71 
A is concentrated on A/'q = {/i G Af* : M{^) = 0} and is therefore a finite measure, since 
/X G Mq implies ;u({0}) > 0. 

Now, if F{Z / 0) > (the other case is trivial), then A(7Vq) > and we set m = 
log A(A/'q ). The measure A' = e~"^TmA is then a probability measure and A = J e~^TxA' dx. 
Furthermore, Z satisfies where D follows the law A'. Uniqueness of the pair {m,D) 

follows from Lemma 13.71 This finishes the proof of Corollary 13.21 

3.4 Finiteness of the intensity 

If Z is an exp-stable point process and has finite intensity (i.e. -E[Z(A)] < oo for every 
bounded Borel set A C M), then it is easy to show that the intensity is proportional to dx. 
However, in the process which occurs in the extremal particles of branching Brownian motion 
or branching random walk, the intensity of the point process D grows with |x|el^l, as x ^ — oo 
[H Section 4.3]. The following simple result shows that in these cases, Z does not have finite 
intensity. 

Proposition 3.8. Let Z be an exp-stable point process on M and let D be the point process 
from Corollary 1^7^ Then Z has finite intensity if and only ifE.[{D,e^)] < oo. 



Proof. By the Fubini-Tonelli theorem. 



E[Z{A)] = E 



[ E[D{A-y)e-y]dy = E [ D{A-y)e-ydy 
Jm Ur 



for every bounded Borel set A C M. Again by the Fubini-Tonelli theorem we have 



[ D{A-y)e-ydy= [ [ 1a- 
Jr Jr Jr 



.yix)e-ydyDidx) = {D, / Ia-j^O"^ dy). 



For X €M, X A — y implies y G [min A — x, max ^4 — x] . Since e ^ is decreasing, we therefore 
have 

|^|g-maxAgX< f i^_^(2;)e-2^dy < |Ale-°^'"V, 
Jr 

where \A\ denotes the Lebesgue measure of A. We conclude that i?[Z(^)] < oo if and only if 
E[(L>,e^)] < oo. □ 
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